We construct the number operator for particles obeying infinite statistics, defined by a generalized q-deformation of the Heisenberg algebra, and prove the positivity of the norm of linearly independent state vectors.
where i n−1 ≡ (i 1 , . . . , i n−1 ) is an arbitrary choice of n−1 indices, including their repetitions, whereas π, σ are permutations of n indices. Making use of the relation (7) , one finds that the condition satisfied by the coefficients c i 1 ,...,in;j 1 ,...,jn can be written in the form of the following matrix equation
[(c i 1 ,...,in;j 1 ,...,jn )] × M n (q) = Q n (q) .
The matrix M n is defined by (M n ) i 1 ,...,in;j 1 ,...,jn = < 0 | a in · · · a i 1 a †
Taking into account eqs. (3), (4), (5) and (10), and using the method of matemathical induction, one arrives at the closed-form expression (M n ) π(1,...,n);σ(1,...,n) = n r,s=1 q P (r,s) π(r)σ(s) , (π(r) = σ(s)),
where
and θ(x) designates the function defined by
The determinant of the matrix M n is
where the set {i 1 , . . . , i k+1 } denotes a choice of k + 1 different indices out of n such indices,whereas {i α i β } is any of its subsets. Unlike in the case of the matrix M n (q), explicitly given by eqs. (11) and (12), the closed-form expression for the matrix Q n (q) cannot be written down. In fact, this matrix is obtained as a result of the action of the lower-order terms a †
for the number operator on the eigenvector a † k 1 · · · a † kn | 0 >. Thus, to completely determine the matrix Q n (q), knowledge of all the lower-order coefficients c i 1 ,...,is;j 1 ,...,js , s = 2, 3, . . . , n − 1 is required.
As a special case of the general formula (14), we give the expression for the determinant of the matrix M 4 , corresponding to n=4 and (
It is evident from eq. (14), and especially from the special case (15), that if the deformation parameters are such that | q ij |< 1 (∀i, j), the matrix M n (q) is regular and positively definite. Consequently, the coefficients c i 1 ,...,in;j 1 ,...,jn , appearing in expression (8) for the number operator N k , exist and the norm of the state vector
That being the case, one is now allowed to rewrite eq. (9) in the form
where, for notational simplicity,
Equation (16) represents the main result of this paper.
As an example, in the following we illustrate the calculation of the coefficients
, which amounts to finding the matrix coefficients C 3 (q). According to (16), this matrix is given by
There are four different cases to be considered.
This case is trivial, since Q 3 (q) and M 3 (q) are represented by the numbers (1−square matrices)
so that, in view of (18),
Case 2:
In this case, Q 3 (q) and M 3 (q) are 3−square matrices, the rows and columns of which are indexed in the order (k,k,l), (k,l,k) and (l,k,k). The matrix M 3 (q) is given by
with the determinant
On the basis of eqs. (22) and (23), the inverse matrix of M 3 (q) is found to be
The matrix Q 3 can be obtained using the following lower-order coefficients:
The result is
The coefficient matrix C 3 (q) is now obtained by substituting eqs. (24) and (26) into eq. (18). To see what the structure of these coefficients is like, we only give the elements of the first row of this matrix:
with
Case 3:
In this case,the results are of the same structure as those in the preceding case, so we do not give them here.
In this case, Q 3 (q) and M 3 (q) are 6−square matrices, the rows and columns of which are indexed by the elements of the permutation group in the order (k,l,m), (l,k,m), (k,m,l), (l,m,k), (m,k,l) and (m,l,k). Again, the matrix Q 3 (q) can be obtained with the help of the lower-order coefficients (25), and is given by
q kl q lm q kl q km q km q lm q kl q km q lm q lk 1 q lk q lm q km q lm q lk q km q lm q km q ml q kl q ml 1 q kl q km q ml q km q km q kl q lk q mk q mk q lk q lm q mk 1 q lm q lk q lm q mk q ml q ml q mk q kl q mk q ml q kl 1 q kl q mk q ml q lk q ml q mk q mk q lk q ml q lk 1
Inserting the matrices Q 3 (q), given by eq. (29), and the matrix M 
are the relevant matrix elements of M −1 3 (q).
Next we derive a relation that will make it possible to rewrite expression (8),
for the number operator N k , in a more compact and elegant form.
Making use of eqs. (11) and (25), one finds that, for the case n = 2 and
, the following relation holds:
For the case n = 3 and ( 
with the notationã
Generalizing eqs.(34) and (35) for arbitrary n, one arrives at the following relation: 
characterized by eqs.(42), it should be pointed out that anyons (particles existing in 2+1 dimensions) can alternatively be represented as a q−deformation of an underlying bosonic algebra. This can be viewed as an extension of Greenberg's approach with q being a complex number | q |=1 [7] .
To conclude, in this paper we have studied the generalized q−deformation of the Heisenberg algebra defined by eqs. (3), (4) and (5) . For the case when deformation parameters are such that | q ij |< 1(∀i, j) we have proved the existence and presented a method to explicitly construct the number operator for particles obeying the corresponding statistics. We have also proved the positivity of the norm of linearly independent state vectors.
